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Measurement processes can be separated into an entangling interaction between the system and
a meter and a subsequent read-out of the meter state that does not involve any further interactions
with the system. In the interval between these two stages, the system and the meter are in an
entangled state that encodes all possible effects of the read-out in the form of non-local quantum
correlations between the system and the meter. Here, we show that the entanglement generated in
the system-meter interaction expresses a fundamental relation between the amount of decoherence
and the conditional probabilities that describe the resolution of the measurement. Specifically, the
entanglement generated by the measurement interaction correlates both the target observable and
the back-action effects on the system with sets of non-commuting physical properties in the meter.
The choice of read-out in the meter determines the trade-off between irreversible decoherence and
measurement information by steering the system into a corresponding set of conditional output
states. The Hilbert space algebra of entanglement ensures that the irreversible part of the decoher-
ence is exactly equal to the Hellinger distance describing the resolution achieved in the measurement.
We can thus demonstrate that the trade-off between measurement resolution and back-action is a
fundamental property of the entanglement generated in measurement interactions.
I. INTRODUCTION
One of the fundamental conceptual problems in quantum mechanics is the role of measurements in the definition
of physical reality. Originally, it was simply assumed that the measurement process could be described by classical
arguments, so that the Hilbert space formalism can be justified in terms of established assumptions about physical
objects in space and time. This historical line of argument is particularly obvious in Heisenberg’s initial discussion of
the uncertainty principle, which avoids a detailed discussion of the system-meter interaction and focuses only on the
Hilbert space of the system [1]. Although it was soon recognized that a consistent formulation of the theory requires
a complete quantum mechanical description of the measurement process, the flaws of Heisenberg’s semi-classical
approach to quantum measurements were not really addressed until quantum optics provided the experimental means
of realizing a fully quantum mechanical which-path measurement inside an interferometric set up, resulting in a rather
heated controversy over the relation between uncertainty and complementarity [2–7]. A widespread impression at the
time was that textbook definitions of measurement uncertainties were inadequate. This impression was strengthened
by the state-dependent analysis of measurement uncertainties introduced by Ozawa [8], resulting in yet another round
of criticisms and controversy [9–13]. At the same time, measurement theories attained new relevance in the context of
quantum information, where the focus shifted from uncertainties towards quantum state discrimination [14–16]. As a
result of all of these developments, there is now an abundance of methods and approaches to quantum measurement
that has made it even more difficult to find any common ground on fundamental questions regarding the role and the
significance of the measurement process in quantum theory. It would therefore be good to trace the problem back to
its origin and ask why Heisenberg’s semiclassical approach to measurement uncertainties failed. In fact, the answer to
this question was already implied in the earliest paper on complementarity in quantum measurements [2]. The reason
why a semiclassical approach to quantum measurements must fail is that ideal measurements require an entangling
system-meter interaction as a first step in a two step process, invalidating any attempt to describe the meter as part of a
macroscopic and hence classical environment. We therefore believe that the key to a proper understanding of quantum
measurements is a clear and unambiguous separation between this first step and the subsequent second step described
by the readout process. This separation allows us to identify the statistical limits of quantum measurements with the
non-classical statistical limits of the entanglement generated in the first step of the measurement process, where the
second step describes the observation of the non-classical correlations generated by the entangling interaction.
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2In the present paper, we formulate a general description for quantum measurements of a specific target observable
Aˆ performed on an arbitrary input state of the system. We point out that the entangling interaction itself disturbs
the state of the system by converting local quantum coherences of the system into non-local correlations between
the system and the meter. Importantly, correlations between the target observable and the meter system coexist
with complementary correlations between the disturbance of coherences in the system and a corresponding meter
observable. Instead of deciding the resolution-disturbance trade-off, the overall disturbance of coherence caused by
the entangling interaction merely defines an upper limit for the resolution that could be achieved when the meter is
read out. An analysis of the entanglement shows that there is a precise mathematical relation between the ability to
distinguish eigenstates of Aˆ and the decoherence between these eigenstates when the resolution is quantified in terms
of the Hellinger distance between the conditional probabilities of the measurement outcomes. The Hellinger distance
therefore provides a natural measure of resolution for quantum measurements of an observable Aˆ. However, the
entangling interaction only determines the upper limit of the Hellinger distance between the conditional probability
distributions. The actual resolution is determined by the readout strategy, which selects a specific balance between
the meter properties correlated with the eigenstates of Aˆ and the meter properties correlated with the coherent
phase changes in the system that describe the disturbance effects of the measurement. Essentially, the entanglement
generated in the measurement interaction makes it possible to steer the quantum measurement between a maximal
resolution achieved when no information about the phase changes is obtained and the disturbance is completely
irreversible and a possible erasure of all measurement information that recovers the full coherence of the input
state, making the disturbance completely reversible [18]. The fundamental properties of the entanglement thus
fully determine the trade-off between measurement resolution and irreversible disturbance in the readout step of the
measurement process.
Our analysis shows that the problem of measurement uncertainty is fundamentally the same as the problem of
quantum steering using entangled states. The disturbance of the initial system state is a necessary characteristic
of entanglement generation in a fully reversible unitary interaction between the system and the meter. The the-
ory presented in this paper shows how the information transfer described by the system-meter interaction can be
characterized with a minimum of assumptions about the properties of the meter system itself. It is then possible
to clearly distinguish between the role of the entangling interaction and the different readout strategies in quantum
measurements.
The rest of the paper is organized as follows. In Sec. II, we introduce a compact formulation for the minimal
physical interaction between the system and the meter required in a measurement of a specific observable Aˆ. It is
shown that the quantum mechanical part of the measurement represented by the measurement interaction can be
characterized completely by a set of conditional states {| φ(a)〉M}. In Sec. III, we discuss the concept of measurement
resolution and show that it can be described by the Hellinger distance between conditional probabilities for different
eigenstates of Aˆ. The upper bound for the Hellinger distances between a1 and a2 is determined by the quantum state
overlap of the conditional states | φ(a1)〉 and | φ(a2)〉. In Sec. IV, we analyze the decoherence caused by the entangling
interaction and show that the relative reduction of the off-diagonal elements of the density matrix is equal to the upper
limit of the resolution defined by the Hellinger distance. In Sec. V, we consider the resolution and the conditional
output states associated with a specific readout strategy and show that the irreversible part of the decoherence is
precisely equal to the resolution for maximally coherent interactions and readouts. In Sec. VI, it is shown that the
selection of a readout strategy steers the conditional output state of the system between high resolution and high
coherence in such a way that the presence of entanglement can be verified by the violation of a steering inequality.
In Sec. VII, we consider possible criteria for the construction of optimal measurement interactions. It is shown that
a resolution at the limit set by the total decoherence can be obtained if and only if the conditional states {| φ(a)〉M}
have real and positive inner products. Sec. VIII concludes the paper.
II. MEASUREMENT INTERACTIONS FOR A SPECIFIC TARGET OBSERVABLE
In the original formulation of quantum theory, it is assumed that the eigenstates | a〉 of an operator observable Aˆ
represent the different measurement outcomes obtained in a precise measurement of Aˆ. On closer inspection, this
assumption is justified because all measurements require some form of interaction to produce an observable effect
of the property Aˆ of the system on the apparatus used as a meter. In the following, we consider an interaction
between the system S and the meter M that is ideally suited for a measurement of the observable Aˆ. The essential
property of such an interaction is that it should not perturb the eigenstates of the property Aˆ in the system. We can
then represent the initial system-meter interaction by a unitary transformation UˆSM , where the requirement that the
eigenstates | a〉 are unperturbed results in the definition of conditional unitaries,
UˆSM | a〉S =| a〉S ⊗ UˆM (a). (1)
3Eq.(1) shows that it is possible to completely characterize the measurement interaction in terms of the conditional
unitaries UˆM (a) operating on the meter system. In addition, we know that the meter will be initialized in a specific
state | Φ0〉M before each measurement. Since we are not interested in the details of the meter, we can summarize the
initial state and the effects of the conditional unitaries to obtain the effect of the interaction in terms of the output
state components,
UˆSM | a〉S | Φ0〉R =| a〉S | φ(a)〉, (2)
where the conditional meter states | φ(a)〉 are found by applying the conditional unitaries UˆM (a) to the initial meter
state | Φ0〉M .
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FIG. 1. Schematic representation of a quantum measurement as a sequence of entangling system-meter interaction (stage I)
and meter readout (stage II). The interaction UˆSM determines the quantum correlations between the system and the meter
that make system information available at the readout state while simultaneously changing the quantum coherence of the input
state.
By describing the initial measurement interaction in terms of a set of conditional meter states | φ(a)〉M , we can
capture the essential process of information transfer from the system to the meter in its most compact quantum
mechanical form. However, the objective description of a quantum measurement is not complete until the information
extracted from the system is converted into an irreversibly recorded output signal. The merit of our analysis is that
we can describe the actual physical interaction between the system and the meter in maximally coherent quantum
mechanical terms, so that the readout stage of the measurement can be confined to the meter. Fig. 1 illustrates
this decomposition of the measurement process into interaction and readout. In general, the readout stage can be
represented by a measurement basis | m〉M in the Hilbert space of the meter, where the probabilities for a measurement
result of m conditioned by the state | φ(a)〉M are given by P (m|a) = |〈m | φ(a)〉|
2. It is therefore possible to discuss
the effects of different readout strategies in terms of the Hilbert space geometry defined by the conditional states
| φ(a)〉M of the meter system that originated from the interaction stage of the measurement process. In the following,
we will take a closer look at the relation between the measurement information obtained in the readout and the
Hilbert space geometry of the conditional meter states associated with different eigenstates of the target observable
Aˆ.
III. MEASUREMENT RESOLUTION
Modern measurement theory makes it difficult to decide on a proper definition of resolution. In general, informa-
tion theoretic approaches tend to focus on quantum state discrimination, while uncertainty based approaches focus
on quantitative fluctuations of the operator observable. For our purposes, it is necessary to select a detailed charac-
terization of the relation between the input statistics P (a) = |〈a | ψ〉|2 in the system and the output statistics P (m)
4in the meter. We therefore define the resolution as a function of the conditional probability distributions P (m|a),
similar to the approach proposed by Buscemi et al. as an information theoretic approach to noise and disturbance in
[16]. However, we will try to retain a more detailed microscopic description by defining the resolution as the ability
to distinguish between a specific pair of eigenstates in the input. The resolution will then be a symmetric matrix of
the eigenstates | a〉 given by its elements R(a1, a2). As pointed out above, the conditional probabilities that need to
be resolved are given by
P (m|a) = |〈m | φ(a)〉|2. (3)
This means that the resolution R(a1, a2) must be a measure of the statistical distance between the two conditional
probability distributions P (m|a1) and P (m|a2). Since we are interested in a measure that connects well with quantum
mechanical features of Hilbert space inner products, we choose the squared Hellinger distance, defined as
R(a1, a2) =
1
2
∑
m
(√
P (m|a1)−
√
P (m|a2)
)2
. (4)
Although the Hellinger distance is a classical statistical distance, its use of the square roots of probabilities invites
a comparison with Hilbert space vectors and their inner products. Specifically, the inner product of the vectors√
P (m|a1) and
√
P (m|a2) is known as the Bhattacharyya coefficient and corresponds to a real valued version of the
Hilbert space inner product. In the present case, the Bhattacharyya coefficient is related to the conditional meter
states by
∑
m
√
P (m|a1)P (m|a2) =
∑
m
|〈φ(a1) | m〉〈m | φ(a2)〉|. (5)
The only difference between the right hand side of this equation and the inner product is the use of absolute values
before the summation over m. Since any variation of phases in the sum can only diminish the total result, the inner
product of the conditional meter states is a lower bound of the Bhattacharyya coefficient for all possible readout
measurements {| m〉},
∑
m
√
P (m|a1)P (m|a2) ≥ |〈φ(a1) | φ(a2)〉|. (6)
For the squared Hellinger distance, it follows that
R(a1, a2) ≤ 1− |〈φ(a1) | φ(a2)〉|. (7)
The squared Hellinger distance therefore relates the resolution between a1 and a2 to the absolute value of the quantum
state overlap between the conditional meter states | φ(a1)〉 and | φ(a2)〉. In this manner, it is possible to trace the
measurement resolution back to the initial interaction. If the interaction was weak, the conditional states are still
nearly equal and have inner products close to one. High resolution requires an interaction that results in lower values
of the inner products.
Strictly speaking, the measurement resolution R(a1, a2) is determined by comparing the measurement statistics
for the input eigenstates | a1〉 and | a2〉. However, the same measurement process can also be applied to arbitrary
superpositions of the eigenstates | a〉. In that case, the measurement interaction results in an entangled state of the
system and the meter, with non-classical correlations that are described entirely in terms of the conditional quantum
state components | φ(a)〉. As we shall show in the following, this generation of entanglement by the measurement
interaction represents the physics of disturbance in a quantum measurement.
IV. ENTANGLEMENT AND DISTURBANCE
The original formulation of measurement uncertainties put forward by Heisenberg in [1] was based on a semiclassical
model of the interaction and neglected the role of entanglement in any fully quantum mechanical description of the
interaction. This is the reason why it has been rather difficult to formalize the concept of disturbance in quantum
measurements in a commonly accepted manner [19]. Here, we will propose a more direct characterization of distur-
bance in terms of the actual changes of the quantum state described by the entangling interaction given in Eq.(2)
above. Since the eigenstates of the target observable Aˆ are also eigenstates of the unitary interaction UˆSM , the dis-
turbance caused by the interaction dynamics must necessarily appear in the coherences between different eigenstates
5of Aˆ. We therefore need to consider the effect of the unitary interaction UˆSM on an arbitrary superposition | ψ〉 of
the eigenstates | a〉,
UˆSM | ψ〉S | Φ0〉R =
∑
a
〈a | ψ〉 | a〉S | φ(a)〉R. (8)
It should be obvious that the output state describes entanglement between the system and the meter. Importantly,
this entanglement is an unavoidable consequence of the application of a measurement interaction to a superposition
of target observable eigenstates. In this sense, entanglement generation is a more fundamental feature of quantum
measurements than disturbance. Indeed, the disturbance of the initial state is merely a necessary byproduct of
entanglement generation. If we trace out the meter system, the output state of the system is described by a density
operator ρˆS(out), where the density matrix elements are related to their input values by
〈a1 | ρˆS(out) | a2〉 = 〈φ(a2) | φ(a1)〉〈a1 | ψ〉〈ψ | a2〉. (9)
The unconditional disturbance of the system state by the entangling measurement interaction therefore consists of
a reduction of phase coherences by a factor given by the inner product of the conditional meter states associated
with the quantum state components | a1〉 and | a2〉. Independent of the input state, we can quantify the decoherence
caused by the measurement interaction in the system using the ratio of the coherences of the input density operator
ρˆS(in) =| ψ〉〈ψ | and the output density operator ρˆS(out). The reduction of coherence is then given by the decoherence
matrix,
D(a1, a2) = 1−
∣∣∣∣〈a1 | ρˆS(out) | a2〉〈a1 | ρˆS(in) | a2〉
∣∣∣∣ . (10)
According to Eq.(9), the decoherence caused by the measurement interaction is given by the inner products of the
conditional meter states,
D(a1, a2) = 1− |〈φ(a2) | φ(a1)〉|. (11)
Comparison with Eq.(7) shows that these decoherence factors are equal to the upper bound of the squared Hellinger
distance describing the maximal resolution between two eigenvalues of the target observable,
R(a1, a2) ≤ D(a1, a2). (12)
This seems to be the most precise formulation of the resolution-disturbance trade-off in quantum measurements,
relating the ability to distinguish between eigenstates of Aˆ by a meter read-out to the necessary loss of quantum
coherence between these eigenstates caused by the measurement interaction. For pure state inputs, both the maximal
achievable resolution and the associated decoherence are features of an entangled state that describes the quantum
correlations between the meter and the system generated in the measurement interaction. This entangled state
completely describes the first stage of the measurement process, as shown in Fig. 1. In the second stage of the
measurement process, the result will be read out in the meter system only, where the entanglement generated in the
first stage describes the statistical correlations between the physical properties in the system output and the meter
information actually obtained in the readout. The fact that the meter and the system are entangled means that there
is yet another trade-off involved in the selection of the meter read-out. This trade-off corresponds to possibility of
steering the quantum coherences of the remote system of an entangled pair by choosing between different measurement
strategies in the local system [20].
V. READOUT AND IRREVERSIBLE DECOHERENCE
The presence of entanglement after the interaction indicates that the output state of the system will be conditioned
by the readout measurement in the meter system. However, it is highly problematic to compare the conditional output
state with the input state, since the change of the probabilities of a between the input state and the conditional
output state merely represent a Bayesian update associated with the conditional probabilities P (m|a) [13]. To avoid
the possible confusion between Bayesian updates and physical changes of the state, it is necessary to always compare
the complete statistics of m with the input state.
The output state ρˆcond.(m) conditioned by a readout result m can be given by its density matrix elements,
〈a1 | ρˆcond.(m) | a2〉 =
〈φ(a2) | m〉〈m | φ(a1)〉
p(m)
〈a1 | ρˆS(in) | a2〉, (13)
6where the outcome probabilities p(m) are given by the input probabilities of a,
p(m) =
∑
a
p(m|a)〈a | ρˆS(in) | a〉. (14)
It is important to note that the readout does not change the outcome independent quantum statistics of the system,
as confirmed by a sum over all possible outcomes m,∑
m
p(m)ρˆcond.(m) = ρˆS(out). (15)
The readout does not change the total disturbance caused by the measurement interaction, but it can provide infor-
mation about the precise magnitude of the phase changes in the off-diagonal elements of the density matrix describing
the system. Since the disturbance can be represented by a randomization of these quantum phases, information about
the precise phase changes could be used to undo the disturbance by a conditional unitary transformation performed
on the system. This is the basic physics behind quantum eraser measurements, where quantum coherence is restored
by appropriate meter readouts [18, 21].
To evaluate the irreversible part of the decoherence D(a1, a2) for a specific measurement readout, it is convenient
to sum up the absolute values of the off-diagonal elements in the conditional density matrices, which provides an
appropriate measure of quantum coherences for statistical averages [22]. Since a local unitary transformation could
be used to restore the original input state phases, this is also the minimal decoherence that remains when the readout
information is used to compensate the decoherence by unitary feedback on the system,
Dirr.(a1, a2) = 1−
∑
m
p(m)|〈a1 | ρˆcond.(m) | a2〉|
|〈a1 | ρˆS(in) | a2〉|
. (16)
The sum of the absolute values of the off-diagonal elements can be expressed in terms of the conditional probabilities
P (m|a) = |〈m | φ(a)〉|2,
∑
m
p(m)|〈a1 | ρˆcond.(m) | a2〉| =
(∑√
P (m|a1)P (m|a2)
)
〈a1 | ρˆS(in) | a2〉. (17)
The irreversible part of the decoherence given by Eq.(16) is therefore exactly equal to the squared Hellinger distance
describing the measurement resolution achieved by the present readout strategy,
Dirr.(a1, a2) = R(a1, a2). (18)
For maximally coherent measurement interactions and readout, the trade-off between resolution and irreversible
disturbance of the system is therefore exact. Specifically, the entanglement generated by the measurement interaction
guarantees that a quantum mechanically precise readout of the meter either provides information about a, or about the
change of coherent phases caused by the interaction. This trade-off between measurement information and information
about the disturbance of the system caused by the measurement interaction in the readout stage of the measurement
characterized the role of system-meter entanglement in the measurement process. We will therefore take a closer
look at the actual entanglement generated in the measurement interaction by evaluating the input state dependent
entanglement using a steering inequality that includes the state independent concepts of measurement resolution and
irreversible decoherence.
VI. QUANTUM STEERING
Different readout strategies applied to the meter system will result in different conditional output states in the
system. This is direct evidence of entanglement, corresponding to the idea of quantum steering [20]. It is in fact
possible to characterize the relation between the conditional output states and the input state entirely in terms of the
resolution and the irreversible decoherence of the specific readout used in stage two of the quantum measurement.
For the resolution, we can consider the diagonal elements of the conditional output matrices,
〈a | ρˆcond.(m) | a〉 =
p(m|a)
p(m)
〈a | ρˆS(in) | a〉. (19)
The resolution matrix can be obtained from the conditional output matrices by averaging over the square root of the
products of two diagonal elements,∑
m
p(m)
√
〈a1 | ρˆcond.(m) | a1〉〈a2 | ρˆcond.(m) | a2〉 = (1−R(a1, a2))
√
〈a1 | ρˆS(in) | a1〉〈a2 | ρˆS(in) | a2〉. (20)
7Likewise, the decoherence matrix can be obtained from the average coherence of the conditional density matrices,
∑
m
p(m)|〈a1 | ρˆcond.(m) | a2〉| = (1−Dirr.(a1, a2))|〈a1 | ρˆS(in) | a2〉|. (21)
It is therefore possible to determine the resolution and the irreversible decoherence from the relation between the
input state and the conditional output states obtained for the different measurement outcomes m. Since each of the
conditional density matrices must satisfy positivity, the square root products of diagonal elements limit the coherences
to
|〈a1 | ρˆcond.(m) | a2〉| ≤
√
〈a1 | ρˆcond.(m) | a1〉〈a2 | ρˆcond.(m) | a2〉. (22)
When applied to Eqs.(20) and (21), these inequalities define an input state dependent relation between irreversible
decoherence and resolution given by
(1−Dirr.(a1, a2))|〈a1 | ρˆS(in) | a2〉| ≤ (1− R(a1, a2))
√
〈a1 | ρˆS(in) | a1〉〈a2 | ρˆS(in) | a2〉. (23)
For pure state inputs, this inequality is satisfied when the irreversible decoherence Dirr.(a1, a2) is larger than or equal
to the resolution R(a1, a2), and this condition is automatically satisfied as a consequence of Eq.(18). It is indeed
obvious that any set of conditional density matrices must satisfy Eq.(22). However, the presence of entanglement
means that different measurement strategies must be explained by different sets of conditional density matrices,
and we have seen above that the readout strategies are characterized by different values for the resolution and the
irreversible decoherence. We can therefore use the result above to formulate a steering inequality to verify the role of
entanglement in quantum measurement.
If the fist stage of the measurement could be described by a classical meter, the readout information would have
to be present in the meter regardless of whether that specific strategy was chosen or not. If we consider two readout
strategies, mr and mc, a non-entangling measurement interaction would have to produce conditional output states
ρˆcond.(mr,mc) conditioned by both readout results, and each of these conditional density matrices would have to
satisfy Eq.(22). Each readout strategy would therefore represent an incomplete readout, with an unnecessarily low
resolution and an unnecessarily high irreversible decoherence,
R(a1, a2) ≤ Max(R(a1, a2))
Dirr.(a1, a2) ≥ Min(Dirr.(a1, a2)). (24)
In the absence of entanglement, it would be impossible to violate Eq.(23) by using different readout strategies on
the left hand side and on the right hand side, since the different conditional density matrices associated with each
readout strategy could all be explained by a single set of conditional quantum states. If the left hand side readout
mc minimizes the irreversible decoherence and the right hand side readout mr maximizes the resolution, a non-
entangling measurement interaction therefore requires that the relation between the maximal resolution and the
minimal irreversible decoherence is given by
Max(R(a1, a2)) ≤Min(Dirr.(a1, a2)). (25)
Any violation of this inequality would result in a violation of Eq.(23) for the classically allowed case of a joint
readout of mc and mr. Only the quantum mechanics of entanglement can prevent such a joint application of two
readout strategies, and the resulting incompatibility of the conditional density operators ρˆcond.(mr) and ρˆcond.(mc) is a
signature of quantum steering. Experimentally, the role of entanglement in quantum measurement can thus be verified
by a violation of the steering inequality (25), which is based on the positivity limit for coherence given by Eq.(22).
Eq.(18) shows that maximally coherent measurement interactions violate Eq.(25) whenever readout strategies with
different resolutions are possible. The trade-off between resolution and irreversible decoherence in the readout stage
of a quantum measurement thus provides direct evidence of the generation of entanglement in the interaction stage.
VII. CHARACTERISTICS OF THE INTERACTION
The interaction between the meter and the system is completely characterized by the conditional meter states
| φ(a)〉. Both the information transfer and the disturbance caused by the measurement are independent of the actual
physics described by these states, and the mutual inner products of the conditional meter states are sufficient to
characterize the availability of information in the meter system. In this section, we will consider the role of these
inner products with respect to the possible readout strategies.
8The resolution of the possible readouts is limited by the inner products of the conditional meter states, since the
readout results must be represented by a complete basis in the Hilbert space of the meter. Therefore the inner product
can be expressed in terms of the quantum statistics of the readout,
〈φ(a2) | φ(a1)〉 =
∑
m
〈φ(a2) | m〉〈m | φ(a1)〉. (26)
As explained in Sec.III, the maximal resolution is obtained when the inner product is equal to the Bhattacharyya
coefficient, which requires that all vector components 〈m | φ(a)〉 have the same complex phase. Except for an arbitrary
global phase, this means that the vector components of the conditional meter state | φ(a)〉 need to be real and positive,
so that
〈mr | φ(a)〉 =
√
P (mr|a). (27)
It is easy to see that this relation can only be satisfied if all of the inner products of different conditional meter states
are also real and positive,
〈φ(a2) | φ(a1)〉 = |〈φ(a2) | φ(a1)〉|. (28)
We can therefore conclude that real and positive values of all of the inner products between conditional meter states
is a necessary condition for the achievement of a resolution at the limit given by Eq.(12).
In principle, there are no restrictions on the methods used to read out the meter. In particular, it is always possible
to transfer the meter state without loss into a larger Hilbert space. We should therefore assume that the meter
readout is a purely technical problem, unrelated to the specific form of the system-meter interaction. In principle,
the construction of an optimal readout basis {| mr〉} that achieves the maximal resolution of R(a1, a2) = D(a1, a2)
for all combinations of a1 and a2 is a purely mathematical problem. Specifically, we need to find a positive and
real representation of the vectors | φ(a)〉 that is consistent with the inner products determined by the measurement
interaction. We can think of this mathematical relation as a factorization of the positive and symmetric matrix given
by the inner products 〈φ(a2) | φ(a1)〉, as shown in Eq.(26). To optimize the readout, we should find a non-negative
real matrix 〈mr | φ(a)〉 that solves Eq.(26) for any real and symmetric matrix 〈φ(a2) | φ(a1)〉. It has been shown that
this problem can always be solved if a sufficiently large number of orthogonal basis states {| mr〉} is used [23, 24]. It
can therefore be proven that the positivity of the inner products of the conditional meter states given by Eq.(28) is
a sufficient condition for the existence of an optimal readout basis with R(a1, a2) = D(a1, a2) for all combinations of
a1 and a2.
At the opposite end of the spectrum of possibilities is a readout basis {| mc〉} that provides no information on
the target observable, so that all R(a1, a2) are exactly zero and the conditional output states suffer no irreversible
decoherence (Dirr.(a1, a2) = 0). This condition is satisfied when the conditional probabilities in the output do not
depend on a,
P (mc|a1) = P (mc|a2) = P (mc). (29)
Since the conditional meter states | φ(a)〉 are generated by different unitary transformations UˆM (a) from the initial
meter state | Φ0〉M , the condition that the distribution P (mc|a) = |〈mc | φ(a)〉|
2 is independent of a suggests that
the readout states | mc〉 are eigenstates of the unitary transformation UˆM (a), so that
|〈mc | UˆM (a) | Φ0〉|
2 = |〈mc | φ0〉|
2. (30)
The condition for zero irreversible decoherence can therefore be satisfied for any measurement interaction that con-
serves a meter observable described by a set of eigenstates {| mc〉}.
In general, the range of possible readouts is completely determined by the inner products of the conditional
pointer states. It is relatively easy to guarantee that the readout can fully reverse the decoherence at a resolu-
tion of Rc(a1, a2) = 0. The conditions that need to be satisfied by the measurement interaction to achieve full
reversibility of decoherence is that the interaction Hamiltonian has product eigenstates | a〉⊗ | mc〉, which means that
the interaction Hamiltonian can be written as the product of two local operators, Hˆ = Aˆ⊗ Bˆ, where | a〉 (| b〉) are the
eigenstates of the operator Aˆ (Bˆ) with eigenvalues of Aa (Bb). For an effective interaction time of t, the conditional
meter states are then given by
| φ(a)〉 =
∑
b
exp
(
−i
AaBbt
h¯
)
〈b | Φ0〉 | b〉. (31)
9A measurement of Bˆ in the meter determines the phase changes in the off-diagonal matrix elements of the system
density matrix. We can therefore recover the complete coherence by using {| mc〉} = {| b〉} as the readout basis.
It is a bit more difficult to construct an interaction that can achieve a resolution equal to the decoherence caused
by the interaction. As shown above, the necessary and sufficient condition for maximal resolution is given by Eq.(28),
which puts a highly non-trivial constraint on the possible conditional meter states. In general, the inner products of
the conditional meter states are given by a complex number,
〈φ(a2) | φ(a1)〉 =
∑
b
exp
(
−i
(A1 −A2)Bbt
h¯
)
|〈b | Φ0〉|
2. (32)
The complex phases originate from the dynamics and involve phases determined by the eigenvalues Bb of the meter
system. To achieve real and positive values in Eq.(eq:Bprod), we can separate the meter system into two parts, P1
and P2, with Bˆ = VˆP1 − VˆP2 and | Φ0〉 =| ΦP1〉⊗ | ΦP2〉. The conditional meter states can then be given by product
states of the form
| φ(a)〉 =| φP1(a)〉⊗ | φP2(a)〉 (33)
and the inner products of the conditional meter states are given by
〈φ(a1) | φ(a2)〉 = 〈φP1(a1) | φP1(a2)〉〈φP2(a1) | φP2(a2)〉. (34)
Real and positive values can be guaranteed if the two terms on the right hand side are complex conjugates of each
other,
〈φP1(a1) | φP1(a2)〉 = 〈φP2(a1) | φP2(a2)〉
∗. (35)
This is automatically satisfied by the opposite sign of VˆP1 and VˆP2 in Bˆ if the two parts are otherwise identical. In
terms of eigenstates | v〉 and eigenvalues Vv for VˆP1 and VˆP2,
〈φP1(a1) | φP1(a2)〉 =
∑
v
exp
(
−i
(A2 −A1)Vvt
h¯
)
|〈v | ΦP1〉|
2
〈φP2(a1) | φP2(a2)〉 =
∑
v
exp
(
+i
(A2 −A1)Vvt
h¯
)
|〈v | ΦP2〉|
2. (36)
We therefore find that the two inner products are complex conjugates of each other for equal distributions of v,
|〈v | ΦP1〉|
2 = |〈v | ΦP2〉|
2.
The above construction shows that measurement interactions producing conditional meter states with real and
positive inner products are a realistic possibility, no matter how complicated the actual meter system gets. A mea-
surement interaction satisfying Eq.(28) generates an entanglement that can be steered between a maximal readout
resolution of R(a1, a2) = D(a1, a2), where the limit depends only on the decoherence D(a1, a2) caused by the mea-
surement interaction, and a complete erasure of the measurement interaction with zero resolution associated with a
full restoration of the initial coherence in the conditional output states (Dirr.(a1, a2) = 0). The initial interaction
thus provides the uncertainty boundaries for the readout in the form of equal limitation for resolution and irreversible
decoherence,
0 ≤ R(a1, a2) ≤ D(a1, a2) (37)
and
0 ≤ Dirr.(a1, a2) ≤ D(a1, a2). (38)
A maximal violation of the steering inequality in Eq.(25) is obtained by comparing the maximal recovery of coherence
at Dirr.(a1, a2) = 0 with the maximal resolution at R(a1, a2) = D(a1, a2). In an experimental test of the relations
above, the achievable difference between these two extremes may be useful figure of merit indicating the achievement
of an optimal information transfer from the system to the meter in the measurement interaction.
VIII. CONCLUSIONS
All measurement processes require a quantum mechanical interaction between the system and the meter, followed
by an irreversible readout of the measurement result which only involves the meter system. The first stage of the
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measurement is reversible and can be fully quantum coherent, leaving the system and the meter in an entangled state
whenever the input state is in a superposition of the target observable. In the analysis above, we have shown how the
system-meter entanglement determines the trade-off between measurement resolution and irreversible decoherence.
We obtain tight bounds on the trade-off relations by defining the measurement resolution as the Hellinger distance
between the conditional probabilities associated with the eigenstates of the target observable and the decoherence as
the relative reduction of the off-diagonal elements of the density matrix associated with the same pair of eigenstates.
The irreversible readout stage of the measurement can then be characterized as a quantum steering process, by which
the choice of a particular readout strategy steers the system between maximal resolution of the target observable
and maximal recovery of the coherence. Our characterization of quantum measurements shows that the quantum
mechanics of the entangling interaction determines the fundamental limits of resolution and decoherence through
the non-classical correlations generated by the unitary dynamics of the interaction. Any optimized measurement
interaction describes the full range of quantum steering, from complete recovery of the coherence to maximal resolution
of the target observable. It is therefore unavoidable to consider the nature of quantum non-locality in any microscopic
analysis of the trade-off between measurement resolution and disturbance.
ACKNOWLEDGMENT
This work was made possible by the Japan-India International Linkage Degree Program at Hiroshima University
with support from the JSPS Inter-University Exchange Project.
[1] W. Heisenberg, “U¨ber den anschaulichen Inhalt der quantentheoretischen Kinematik und Mechanik,” Z. Phys. 43, 172-198
(1927).
[2] M. O. Scully and H. Walther, “Quantum optical test of observation and complementarity in quantum mechanics,” Phys.
Rev. A 39, 5229-5236 (1989).
[3] M. O. Scully, B. G. Englert, and H. Walther, “Quantum optical tests of complementarity,” Nature 351, 111-116 (1991).
[4] E. P. Storey, S. M. Tan, M. J. Collett and D. F. Walls, “Path detection and the uncertainty principle,” Nature 367 ,
626-628 (1994).
[5] B. G. Englert, M. O. Scully, and H. Walther, “Complementarity and uncertainty,” Nature 375, 367-368 (1995) and E. P.
Storey, S. M. Tan, M. J. Collett, D. F. Walls, “Storey et al. reply,” Nature 375, 368 (1995).
[6] H. Wiseman and F. Harrison, “ Uncertainty over complementarity?,” Nature 377, 584 (1995).
[7] S. Du¨rr, T. Nonn, and G. Rempe, “Origin of quantum-mechanical complementarity probed by a ‘which-way’ experiment
in an atom interferometer,” Nature 395, 33-37 (1998).
[8] M. Ozawa, “Universally valid reformulation of the Heisenberg uncertainty principle on noise and disturbance in measure-
ment,” Phys. Rev. A 67, 042105 (2003).
[9] Y. Watanabe, T. Sagawa, and M. Ueda, “Uncertainty relation revisited from quantum estimation theory,” Phys. Rev. A
84, 042121 (2011).
[10] P. Busch, P. Lahti, and R. F. Werner, “Proof of Heisenbergs error-disturbance relation,” Phys. Rev. Lett. 111, 160405
(2013).
[11] J. Dressel and F. Nori, “Certainty in Heisenberg’s uncertainty principle: revisiting definitions for estimation errors and
disturbance,” Phys. Rev. A 89, 022106 (2014).
[12] P. Busch, P. Lahti, and R. F. Werner, “Colloquium: quantum root-mean-square error and measurement uncertainty
relations,” Rev. Mod. Phys. 86, 1261 (2014).
[13] L. A. Rozema, D. H. Mahler, A. Hayat, and A. M. Steinberg, “A note on different definitions of momentum disturbance,”
Quantum Stud.: Math. Found. 2, 17-22 (2015).
[14] C. A. Fuchs and A. Peres, “Quantum-state disturbance versus information gain: Uncertainty relations for quantum infor-
mation,” Phys. Rev. A 53, 2038-2045 (1996).
[15] L. Maccone, “Information-disturbance tradeoff in quantum measurements,” Phys. Rev. A 73, 042307 (2006).
[16] F. Buscemi, M. J. W. Hall, M. Ozawa, and M. M. Wilde, “Noise and Disturbance in Quantum Measurements: An
Information-Theoretic Approach,” Phys. Rev. Lett. 112, 050401 (2014).
[17] E. Benitez Rodrigues and L.M. Arevalo Aguilar, “Disturbance-Disturbance uncertainty relation: The statistical distin-
guishability of quantum states determines disturbance,” Sci. Rep. 8, 4010 (2018).
[18] M. O. Scully and K. Dru¨hl, “Quantum eraser: A proposed photon correlation experiment concerning observation and
”delayed choice” in quantum mechanics,” Phys. Rev. A 25, 2208-2213 (1982).
[19] E. Benitez Rodrigues and L.M. Arevalo Aguilar, “A Survey of the Concept of Disturbance in QuantumMechanics,” Entropy
21, 142 (2019).
11
[20] H. M. Wiseman, S. J. Jones, and A.C. Doherty, “Steering, entanglement, nonlocality, and the Einstein-Podolsky-Rosen
Paradox,” Phys. Rev. Lett. 98, 140402 (2007).
[21] Y-H Kim, R. Yu, S. P. Kulik, Y. Shih, and M. O. Scully, “Delayed ”choice” quantum eraser,” Phys. Rev. Lett. 84, 1-5
(2000).
[22] T. Baumgratz, M. Cramer, and M. B. Plenio, “Quantifying coherence,” Phys. Rev. Lett. 113, 140401 (2014).
[23] M. Hall and M. Newman, “Copositive and completely positive quadratic forms,” Proc. Cambridge Philos. Soc. 59, 329-339
(1963).
[24] J. Hannah and T. J. Laffey, “Nonnegative Factorization of Completely Positive Matrices,” Linear Algebra Appl. 55, 1-9
(1983).
